Neutron oscillation into mirror neutron, a sterile state exactly degenerate in mass with the neutron, could be a very rapid process, even faster than the neutron decay itself. It can be observed by comparing the neutron lose rates in an ultra-cold neutron trapping experiment for different experimental magnetic fields. We developed a Monte Carlo code that simulates many of the features of this kind of experiment with non-uniform magnetic fields. The aim of the simulation is to provide all necessary tools, needed for analyzing experimental results for neutron traps with different geometry and different configurations of magnetic field. This work contain technical details on the Monte Carlo simulation used for the analysis in [46] not presented in it.
I. INTRODUCTION
The concept of mirror world [1, 2] suggested long time ago for parity restoration attracted a considerable interest during last times (for reviews see refs. [3] [4] [5] [6] ). If mirror world exits, then all ordinary particles: the electron e, proton p, neutron n, photon γ, neutrinos ν etc. must have invisible twin degenerate in mass: e , p , n , γ , ν etc. which have no strong and electroweak interactions but, their own analogous interaction. It means that if ordinary particles are described by the Standard Model G = SU (3) × SU (2) × U (1) or its extension, then mirror particle will be described by another copy of standard model G = SU (3) × SU (2) × U (1) or its respective extension. Mirror matter interacting with ordinary matter via gravity provides an interesting and testable candidate for dark matter [7] [8] [9] [10] [11] [12] . However, particles of the two sectors can have some common interactions other then gravity [13] [14] [15] [16] [17] . Big Bang nucleosynthesis bounds and cosmological consistency on mirror dark matter require that these interactions should be rather feeble in order not to bring the two sector in thermal equilibrium in early universe [9] [10] [11] [12] . Nevertheless they can be important for dark matter direct detection [18] [19] [20] [21] . In addition, they can induce mixing phenomena between neutral ordinary and mirror particle, which could be testable.
For example, the three ordinary neutrinos ν e,µ τ can oscillate into their mirror partners ν e,µ τ which are in fact natural candidates for sterile neutrinos [22] [23] [24] [25] . This mixing can emerge via effective interactions which violate B −L symmetries in both ordinary and mirror sectors. In the early Universe, these interactions would induce CP violating processes between ordinary and mirror particles which can co-generate baryon asymmetries in both sectors [26] [27] [28] [29] . In this way, one could naturally explain * riccardo.biondi@aquila.infn.it the relation Ω B /Ω B 5 between the baryon and dark matter fraction in the Universe [3] [4] [5] [6] [26] [27] [28] [29] .
As it was shown in refs. [30, 31] , the oscillation between neutron n and its mirror twin n , emerging due to the mass mixing term: (nn +n n), can be a fast process and it can be even faster than neutron decay. Energy conservation does not allow n → n transition in stable nuclei, and so, no limit emerges on the oscillation time from the nuclear stability [30] . For free neutrons nn oscillation is influenced by matter and magnetic fields [30, 31] . By that reason, existing experimental limits and astrophysical bounds still allow oscillation time τ = −1
as small as few seconds [30] , in drastic difference from the case of neutron-antineutron oscillation for which experimental lower bounds correspond to few years [32] [33] [34] . It is interesting that n → n transitions faster than the neutron decay can have intriguing implications for the origin and propagation of ultra-high energy cosmic rays [35, 36] . In laboratory conditions, n − n oscillations can be tested in experiments searching for neutron disappearance n → n and regeneration n → n → n [30, [37] [38] [39] as well as via non-linear effects on the neutron spin precession [31] .
The ultra-cold neutron (UCN) storage experiments have good capabilities for testing the neutron disappearance phenomena. The status of presently existing UCN sources for fundamental physics measurements were recently reviewed in ref. [40] . In UCN traps the n → n oscillations can show up by measuring the magnetic field dependence of the UCN losses. In the last years, many UCN storage experiments were dedicated to search for n−n oscillations [41] [42] [43] [44] [45] [46] . The experiments [41] [42] [43] [44] , compared the UCN loss rates in zero (i.e. small enough) and non-zero (large enough) experimental magnetic field assuming that the Earth has no mirror magnetic field [30] . They obtained lower bounds on the oscillation time, with the strongest bound τ > 414 s at 90% CL of ref. [42] adopted by the Particle Data Group [47] .
These limits are not valid if there exists a non-vanishing mirror magnetic field B at the Earth [31] . It would suppress n − n oscillation even if the ordinary magnetic field is screened (B = 0). On the other hand, if experimental magnetic field is tuned as B ≈ B , then n − n oscillation would be resonantly enhanced [31] . A detailed analysis of experimental data from [43] indicates towards more that 5σ deviation from the null hypothesis [48] which can be interpreted as a signal for n − n oscillation with τ ∼ 10 s in the presence of mirror magnetic field B ∼ 0.1 G. The mirror magnetic field at the Earth can emerge if the Earth captures some amount of mirror matter. Then, Earth rotation would drag mirror electrons inducing circular electric currents sourcing the mirror magnetic fields, which can be further amplified by dynamo mechanism [31, 49] . The experiment [45] tested n − n oscillation in the presence of mirror magnetic fields. Its results, gives the lower limit τ > 12 s for any B less than 0.13 G. Somewhat stronger limits on n − n oscillation parameters have been recently reported in [46] . These limits [45, 46] restrict the parameter space which can be responsible for the above 5σ anomaly but do not cover it completely. Therefore new more precise experiment are needed to verify this anomaly.
To maximize the chances of finding a signal of n − n oscillation in a UCN trap experiment, we have to apply the magnetic field as close as possible to the unknown mirror magnetic field. The most precise way would be to apply uniform magnetic field (as in the case of refs. [41, 42, 44, 45] and horizontal measurements of ref. [43] ) and to vary its value with very small steps for capturing the resonance. But such a procedure would require quite a long overall time of measurements. On the other hand, one could apply a non-uniform magnetic field (as in case of measurements with vertical magnetic field refs. [43, 46] ). In this case, if the mirror field value falls within the spread of the applied magnetic field profile inside the trap, the neutrons moving in the trap with some probabilities cross this resonant areas where they oscillate very efficiently. This can give us some good possibility to catch the effect of the resonant amplification and give some gain in experimental time and statistics, since there will be no need to scan the magnetic field with very small steps.
This needs precise evaluation of oscillation probability for neutrons moving in non-uniform magnetic field. For this purpose we developed a Monte Carlo code and used it for the analysis of the results of the experiment [46] . This tool was applied also to reinterpret the implications for parameter space from ref. [48] based on the analysis of the experiment [43] , since in [48] the non-uniformity of the magnetic field was not correctly taken into account and a specific empirical formula was used for averaging oscillation probability. As it was shown in [46] , the nonhomogeneity of the magnetic field substantially altered the relevant space for oscillation parameters.
In this paper we report the main features of the Monte Carlo code. It was written with the purpose of creating a tool that can be used in the analysis of any n − n oscillation in a UCN trap experiment with non-uniform magnetic field and can be applied for material or magnetic UCN traps of different geometrical configurations. The paper is organized as follows: first we discuss n − n oscillation in the presence of mirror magnetic field and the experimental setup. Then we describe key features of the simulation such as the UCN diffusion, wall scattering, loss probability and the behavior of n − n oscillation probability. Finally we confront our results with the previous calculations and draw our conclusions.
II. NEUTRON -MIRROR NEUTRON OSCILLATIONS IN HOMOGENEOUS MAGNETIC FIELD
Data form UCN experiment can be tested for magnetic field dependence of UCN losses, as a probe for n − n oscillation. In fact, if free neutrons propagate through vacuum in a region where ordinary B and mirror B magnetic fields are both non-zero and have arbitrary orientation, the following Schrödinger equation with a 4 × 4 Hamiltonian, describes n − n oscillation phenomenology
where Ψ = (ψ n (t), ψ n (t)), is the wave function of n and n in two spin states, and σ = (σ x , σ y , σ z ) are the Pauli matrices. Exact derivation of n → n transition probability is given in ref. [31] . Following [48] , in homogeneous fields B and B , the probability of n − n oscillation after neutron flight time t can be reduced to:
where β is the angle between B and B , and µ = −6 · 10 −12 eV/G being the neutron magnetic moment 1 , and τ = −1 , ω = 1 2 |µB| and ω = 1 2 |µB |. Given B = |B| and B = |B | the oscillation probability eq. (2) becomes maximal or minimal respectively when B and B are parallel or anti-parallel, cos β = ±1:
Experimental magnetic field can be controlled and thus the dependence of n − n conversion probability on B can be tested. We can reverse magnetic field direction B → −B (i.e. β → π − β) or measure counts with zero magnetic field. Therefore we can define:
D BB depend on β and is non-zero only if cos β = 0, while P BB and P 0B are independent from the orientation of B and B . For trapped UCN, oscillation probability eq. (2) should be averaged over the distribution of neutron flight times t between wall collisions. For averaging the sinusoidal factors in eq. (3) we can use the empirical formula from ref. [48] :
where t f = t is the neutron mean free-flight time between wall collisions and σ
f . is its variance. This parameters have to be computed via Monte Carlo simulation for each trap, depending on its geometry and size. Eq. (5) gives a correct asymptotic behavior for the average probabilities eq. (3):
Calculation ofP BB with the analytic approximation eq. (5) agree at the level of percent to the one obtained via Monte-Carlo simulations if we consider a trap with homogeneous magnetic field. As stated before, this oscillation phenomenon can be tested via magnetic field dependence of UCN losses. The regular UCN losses during the storage: β-decay, wall absorption or upscattering are magnetic field independent, so the number of neutrons N (t * ) survived after being stored in the trap for a certain time t * should not depend on B, in the standard physics paradigm.
Nevertheless, if a neutron, between two consecutive wall collisions, oscillates into a mirror neutron state n , then per each collision it has some non-zero probability of escaping from the trap. Thus, the amount of survived neutrons in the UCN trap with applied magnetic field B after a time t * is given by N B (t * ) = N (t * ) exp(−n * PBB ), whereP BB is the average probability of n − n conversion between the wall scatterings and n * = n(t * ) is the mean number of wall scatterings. If we reverse the magnetic field direction, B → −B, then we have N −B (t * ) = N (t * ) exp(−n * P−BB ). Since the common factor N (t * ) cancels in the neutron count ratios, asymmetry between N B (t * ) and N −B (t * ) is:
assuming n * DBB 1. However, one can compare N B (t * ) = 
E B traces directly the difference between the probabilities in zero and non-zero magnetic fields. which depend only on its modulus B = |B|, and it should be resonantly amplified if B ≈ B . Since the parameter n * indicate the averaged number of wall collision for each UCN, its estimation it is very important for setting limits on the oscillation probability. Measuring E B for many values of B, one can obtain limits on n − n oscillation time τ . On the other hand, from A B one in fact measures the value τ β = τ / | cos β|, i.e. oscillation time corrected by the unknown angle β between ordinary and mirror magnetic fields B and B . In ideal conditions, the effects of regular neutron loses cancel out from the ratios A B and E B , and measuring them for different values of B, it is possible to obtain pretty robust limits on τ and τ β as a function of mirror magnetic field B .
III. EXPERIMENTAL SCHEME UCN experiment such as [42, 43, 46 ] employed a trap of 190 volume capable of storing about half million neutrons, located inside a shield screening the Earth magnetic field. A controlled magnetic field is then induced by a system of solenoids. It can be oriented in both horizontal and vertical direction, but, in the vertical field setup it is not possible to have uniform magnetic field inside the trap. In this case, the induced magnetic field B has vertical direction practically everywhere inside the trap, but its magnitude B = | B| is in-homogeneously distributed, varying from the value B c in the geometrical center by about ±0.5 B c at peripheral regions. The distribution of magnetic field inside the trap used in the experiment [46] is shown in fig. 1 . The scheme of the installation used in the experiments [46] is shown in Fig.  2 . The trap used in [42, 43, 46] is a horizontal cylinder with diameter 45 cm and length 120 cm. It was made of copper with the inner surface coated by beryllium. The critical velocity of this coating is 6.8 m/s which corresponds to the Beryllium optical potential: 2.7 × 10 −7
eV. The magnetic shielding of the installation consists of four layers of permalloy, and the residual magnetic field inside the shielding is about 2 nT, which is low enough to carry out the search for n − n transitions.
Every measurement, lasting about 10 minutes, consists of five phases: monitoring, filling, storage, emptying and background. In the monitor phase, the entrance valve is open and neutrons flow into the trap via the UCN guide while the exit valves that communicate with the two detectors D 1 and D 2 ( fig. 2) exit valves are closed for the filling phase, after which the entrance valve is closed and neutrons are kept in the trap for a storage time t s . Then the exit valves are again opened and the survived UCN are counted by two detectors during the emptying phase. The final background phase checks that no excess of neutrons remains in the trap which could influence the following measurement.
IV. UCN MOTION
The program is written in C++ and implemented with ROOT, its core, consists in a simple numerical integration with the trapezoidal method of the motion of a single UCN that enters inside the trap from the UCN entrance (see fig. 2 ) with a randomly distributed velocity according to the UCN spectra from: [50] . Then it moves inside the trap under the effect of gravity acceleration for a certain storage time t S . A key feature is the treatment of the collisions between UCN and the trap. The modification of the direction of motion induced by the elastic collision, combined with the discretization of time, induced an ap- proximation error that grows with t S and manifest itself with a progressive loss of energy of the UCN. To avoid this, for each collision the squared module of the UCN neutron was computed imposing energy conservation:
where E 0 is the initial energy of the UCN normalized over the its mass, v is its velocity, h is the height measured from the bottom of the trap and g is gravity acceleration. With this trick we can have a good approximation even for t S > 500 s with an energy loss less then 1 %. Regarding UCN-trap scattering, half of them (randomly chosen) has been treated as specular scattering and the other half, as diffuse scattering [51] . In fig. 3 is shown a typical path of a simulated UCN. The escape probabili- ties P esc for each wall collision depends on the orthogonal component of the UCN velocity v ⊥ [51, 52] reads:
where v max = 6.8 m/s and η are a parameters that depend on the material and the geometry of the trap, for the trap used in: [42, 43, 46] we have η 2.2×10 −4 . The 2η |v ⊥ | term in the denominator has been added to avoid the probability to diverge when v ⊥ ∼ v max . In the simulation we also take into account the β-decay, to this aim, in every numerical step each neutron has a decay probability given by P β = dt/τ n ,where dt is the temporal step of the numerical integration and τ n = (880.2 ± 1.0) s [47] is the free neutron mean lifetime. If a neutron decays or escapes during it's motion inside the trap, it is discarded and not taken into account for the calculation of parameters of interest, because UCN lost for regular reasons are not relevant for the count asymmetry eq. (7) and (8) . It is possible to study the coverage of the hits of UCN with the surface of the trap for different velocity classes. Results are shown in fig. 4 , as it is easy to guess the coverage is not symmetric due to the effect of gravity, so especially for lower velocity class the coverage is higher in the bottom part 2 of the trap. Coverage is important because, the value of magnetic field at the surface of the trap is the one the matter for n → n transition. With an in-homogeneous magnetic field, we have different values of B for different regions, so, hitting the trap in the areas where the magnetic field have a value closer to the resonance will convert neutron more efficiently. For the calculation of n * , the code has been extended to simulate the three main phases of any measurements: filling, storage and emptying:
2 from -180°to 0°• Filling: In this phase, UCN are born at the entrance referring to fig. 2 and they move inside the trap for a randomly chosen time between 0 and t F with flat distribution, which is the experimental duration of the filling phase. If during this time interval the neutron decays, escapes or hit the entrance valve, it is considered as lost and not taken into account for the calculation of n * . The entrance valve is a circular surface of 8 cm radius.
• Storage: UCN that survived the filling phase enter in the storage one. Here all entrance valves are closed, so they move inside the trap for a time t S and, as in the previous phase, if they decay or absorbed at the wall scattering, they are considered lost.
• Emptying: This is the counting phase, and it lasts for a certain time t E . Only the UCN that in this phase hit the trap wall in correspondence of the two valves that are connected with the two detectors (see fig. 2 ), are considered counted and then taken into account for the calculation of n * . The exit valves have the same shape and dimension of entrance valve. UCN that decay, escape or do not hit the exit valves during t E are again considered lost.
We first computed the mean value of free flight time t f = t , its variance t 2 , etc. Their distribution were computed by averaging them over the individual UCN trajectories in the trap. The parameters v max and η in eq. (10) were tuned to reproduce the experimental data such as the time constants for the neutron counts during the filling of the trap, UCN storage and the trap emptying. Our values are in good agreement with the parameters used in the previous experiments [42, 43] which used the same trap. Now we have all the instruments to compute the averaged number of collision n * for each experimental configuration. We ran a thousand simulations per each experimental configuration, with 10 5 neutron each, using the geometrical configuration of the trap of the experiments [42, 43, 46] and computed the averaged number of wall collisions with the criteria stated above. Results are listed in table I.
We estimated the uncertainties in the parameters v max and η of eq. (10) to be 10% [53] . Thus for each simulation we randomly generated their values from a Gaussian distribution which have the parameters used in [42, 43] , v max = 6.8m/s andη = 2.2 × 10 −4 , as mean values and standard deviations given by: σ v =v max /10 and σ η =η/10 respectively. These numbers have been used to carry out the analysis in [46] . The configuration of the second line in table I is the same as in the experiment described in [43] . In their simulation, reported also in [48] they found n * = 4000.
The discrepancy between our and their results can be explained by the fact that we directly computed the num- ber of collisions per each neutron considering only neutrons that have actually been counted, while they calculated the UCN mean flight time t f also including the not surviving neutrons and from that estimated n * .
V. OSCILLATION PROBABILITY
With an in-homogeneous experimental magnetic field, to set limits on the oscillation time, we cannot use the empirical formula used in [48] , that is valid only in case of a uniform magnetic field. We can use our simulation to estimate the dependence on the mirror magnetic field of the averaged value of the oscillation probability in the collision between UCN and the walls, in a specific experimental magnetic field configuration. For using this in the analysis of [46] , we assumed that ordinary and mirror magnetic field are oriented in vertical direction. To this aim, during the motion of a UCN between two consecutive collisions, the Schroedinger equation eq. (1) has been numerically integrated.
The initial condition is set to have a neutron: Ψ 0 = (1, 0), (pure neutron state), then, the wave function is computed in every temporal step using eq. (11) . When the UCN hit the wall, the program computes and saves the current value of the oscillation probability P = |ψ n | 2 and set Ψ = Ψ 0 back to the initial condition. (11) where
and the mirror magnetic field ω (converted to the Larmor frequency) is assumed to be constant in the whole trap. On the other hand ω i is the value of the ordinary magnetic field in the position of the UCN at time t i . The magnetic field B was numerically calculated in every node of cubic lattice with 1 cm 3 elementary volumes, and in this way the distributions shown in figs. 1 were obtained. In each elementary volume the magnetic field was taken as constant, with a value obtained by averaging between the values calculated at its vertices.
Every UCN leaving an elementary cube with a given value of magnetic field with a wave vector (ψ n , ψ n ), while crossing the adjacent cube was evolving with the corresponding magnetic field. In fig. 5 we show some examples of the results of this calculation. We computed simultaneously, in every temporal step, the values of the probabilities P U and P D which represent respectively the cases where the ordinary and mirror magnetic field are parallel (β = 0) or antiparallel (β = π). As it can be easily understood from fig. 5 as the UCN approaches to a region where the ordinary and mirror magnetic field are in resonance (same direction and magnitude) the probability grows up to 10 −4 in the case of ideal resonance, with τ = 10 s.
Now we are able to study the dependence of the oscillation probabilities on the mirror magnetic field for a given profile of ordinary magnetic field. The UCN motion is integrated for 300 seconds in ideal conditions i. e. no β-decay and no trap losses to maximize hit statistics. Since we are interested in oscillation probabilities for only the UCN that are going to be detected, the UCN initial spectra in this simulation has been modified taking into account the fact that neutron with higher velocity escape from the trap after a small number of collisions due to eq. (10).
We computed mean values P U (B ) and P D (B ) of the oscillation probabilities eq. (3) between wall scatterings, averaged over distribution of the neutron flight time t and distribution of the magnetic field B in the trap for a given value of B c , as functions of mirror magnetic field B . In addition, we computed also the mean oscillation probability P 0 (B ) for the case when no magnetic field was applied, B = 0:
In upper panel of fig. 6 we show simulation results for S ± (B ) and S 0 (B ). These functions correspond to mean values of the respective probabilities in the case of τ = 1 s. For checking the consistency of our simulation, we also computed average oscillation probabilities in the case of homogeneous magnetic field in the same trap (lower panel of Fig. 6 ). As we see, the results of our simulation, coincide with the results obtained via the empirical formula eq. (5) for the corresponding values of the parameters t f = t and σ From Fig. 6 we see that the in-homogeneous profile of the experimental magnetic fields has certain advantages: the function S + (B ) in homogeneous magnetic field has maximal sensitivity at the resonance, B ≈ B as in the inhomogeneous case, but it is a very narrow resonance. So, if the variation of the field B in search for the resonance is done with large steps, there is a chance to miss it. On the other hand, in the in-homogeneous field setup, the enhancement of the oscillation probability covers much wider range of values of B , and so, the search of the resonance can be done with larger steps, saving experimental time.
VI. CONCLUSIONS
The aim of this work was to develop a tool that could be used in the analysis of any n − n oscillation in a UCN trap experiment using a non-uniform magnetic field and for comparing results from different n − n UCN oscillation experiments. The code has been used in the analysis presented in [46] . The algorithm has been tested to maintain a good approximation up to 500 s UCN storage time with an energy loss less then 1 %. It has been developed for a cylindric trap, like the one used in [42, 43, 46] , but it can be easily modified for a different geometrical configuration such us spheroidal traps and it can also simulate many different reflecting surfaces inside the trap. Unlike in the simulation used for [42, 43] , the calculation of the averaged number of collision n * have not taken into account all the UCN entering the trap, but only the ones that do not decay or escape until they have been counted by the detectors. We verified that the approximation for the calculation of oscillation probability used in [48] is well reproduced by our simulation assuming an uniform ordinary magnetic field inside the trap. The calculation of the P U and P D profiles show that experiments with not uniform magnetic field are sensitive to resonance in a larger set of B values. So, this kind of configuration can be used in future experiments to scan a larger set of values for B looking for resonance. Using this tools we could be able to compare UCN trapping experiment realized with different magnetic field, geometrical or technical setup. The code is available by contacting the author via email.
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